Abstract: After Landau's famous work, many authors contributed to some mean values connected with the Dedekind zetafunction. In this paper, we are interested in the integral power sums of the coefficients of the Dedekind zeta function of a non-normal cubic extension K 3 /Q, i.e. S K 3 ( ) = ≤ M ( ), where M( ) denotes the number of integral ideals of the field K 3 of norm and ∈ N. We improve the previous results for S 2 K 3 ( ) and S 3 K 3 ( ).
Introduction and main results
Let K be an algebraic number field of degree , and ζ K ( ) the Dedekind zeta-function of the field K . For
where the sum is extended over all integral ideals a of the field K , and Na is the norm of a. We can also rewrite it as
where M( ) denotes the number of integral ideals in K with norm . It is known that M( ) is a multiplicative function, and satisfies the upper bound
where ( ) is the divisor function, and is the degree of K /Q, see e.g. [2] .
It is a classical problem to study the th integral power sum of M( ), i.e.
Landau [18] first proved that
where is the residue of ζ K ( ) at its simple pole = 1. It is a hard problem to surpass Laudau's result. Later, Huxley and Watt [8] , Müller [20] improved the results for the quadratic and cubic fields, respectively. For any algebraic number field of degree ≥ 3, Nowak [21] established that
Chandrasekharan and Narasimhan [3] first considered the mean square value of M( ). They showed that if K is a Galois extension of Q of degree , then
for a suitable constant 1 = 1 (K ). Later Chandrasekharan and Good [2] refined the result (2) by showing that if K is a Galois extension of Q of degree , then for any ε > 0 and any integer ≥ 2,
where P ( ) denotes a suitable polynomial in of degree −1 − 1. However, for the non-normal extension no asymptotic formulae for higher mean values of M( ) were established. Only an upper bound for mean square value of M( ),
as → ∞ is known; it was given by Chandrasekharan and Narasimhan [3] .
In 2008, Fomenko [5] considered a non-normal cubic extension K 3 /Q, which is given by an irreducible polynomial ( ) = 3 + 2 + + . Its normal closure K 6 over Q is a non-Abelian extension of degree 6 with the Galois group S 3 . By applying the so-called strong Artin conjecture, see e.g. Kim [14] , Fomenko [5] was able to establish asymptotic formulae for the mean square and third power sums of M( ).
Theorem 1.0.
For the field K 3 , we have
where C 1 and C 2 are constants, and P 3 ( ) is a suitable polynomial in of degree 4. Since the strong Artin conjecture holds true in this situation, the function L ψ 3 also can be interpreted in another way [4] . Let ρ : S 3 → GL 2 (C) be the irreducible two-dimensional representation. Then ρ gives rise to a cuspidal representation π of GL 2 (A Q ). Let
where is a holomorphic cusp form of weight 1 with respect to the congruence group Γ 0 (|D|),
Here as usual,
By (3), it is clear that one can apply some tools developed for automorphic L-functions to study certain mean values connected with the Dedekind zeta-function ζ K 3 ( ).
In this note we improve the results of Theorem 1.0.
Theorem 1.1.
where C 1 and C 2 are constants, and P 3 ( ) is a suitable polynomial in of degree 4. One can also note that our results on the error terms are much better than those in the situation of the Galois extension. It seems that one can apply the theory developed for automorphic L-functions to establish better results on various mean values connected with Dedekind zeta-functions when the strong Artin conjecture holds true, see e.g. Kim [13, 14] .
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Some lemmas
For the Riemann zeta-function, we have the following well-known estimates.
Lemma 2.1.
For any ε > 0, we have
uniformly for T ≥ 1.
The first result is due to Ivić [9] , and the second one is the classical result of Ingham, see e.g. [22] . For the Hecke L-function introduced in (3) we have the following results.
Lemma 2.2.
uniformly for T ≥ 1, and the subconvexity bound
max{(2/3)(1−σ ) 0}+ε (10) uniformly for 1/2 ≤ σ ≤ 2 and | | ≥ 1.
The results (8) and (10) are due to Good [7] and (9) was established by Jutila [11] .
Let L( sym 2 ) and L( sym 3 ) be the symmetric square L-function and the symmetric cube L-function of the cusp form , respectively.
Lemma 2.3.
For ε > 0, we have the subconvexity bound for L( sym 2 ),
the convexity bound for L( sym Proof. The estimate (11) is a deep result of Li [19] , and the other two results can be deduced by standard arguments in analytic number theory from the analytic properties of L( sym 3 ). These analytic properties are special cases of the th symmetric power lifts of automorphic representation from GL 2 (A Q ) to GL +1 (A Q ), which have been established up to the symmetric fourth lift in a series of papers of Gelbart and Jacquet [6] , Kim and Shahidi [15] [16] [17] , Kim [12] , etc. Following Fomenko's notation, for > 1 we define
where is a prime number. This shows that one can decompose L ( ) into a product of nice L-functions by comparing the corresponding Euler products.
Lemma 2.4.
For > 1, we have
where U 1 ( ) is a Dirichlet series, which converges uniformly and absolutely in the half plane ≥ 1/2 + ε for any ε > 0.
Lemma 2.5.
where U 2 ( ) is a Dirichlet series, which converges uniformly and absolutely in the half plane ≥ 1/2 + ε for any ε > 0.
Proof of (4)
Recall that we have defined
for > 1. By Lemma 2.4 and Gelbart and Jacquet [6] , we learn that
can be analytically continued to the half plane > 1/2. In this region, L 1 ( ) only has a pole = 1 of order 2.
By (12) 
where C 1 > 0 and C 2 are constants. For J 1 , from Lemma 2.4 we have
Then by Cauchy's inequality, we have
To estimate (14), we have
where we have used
which can be deduced from Lemma 2.2 and Gabriel's convexity theorem, see e.g. Ivić [9, Lemma 8.3] . Then from (7), (11) , and (15), we have
For the integral over the horizontal segments, we use (10), (11) and the well-known bound for the Riemann zeta-function
to bound
From (13), (16) and (17), we have
Taking T = 8/31 in (18), we have
This completes the proof of (4).
Proof of (5)
By Lemma 2.5, Gelbart and Jacquet [6] , and Kim and Shahidi [15] , we learn that
can be analytically continued to the half plane > 1/2. Note that in our case L( sym 3 ) has a simple pole at = 1. Therefore L 2 ( ) has only a pole = 1 of order 5 in the half plane > 1/2.
Similarly as in the proof of (4), after applying Perron's formula and then shifting the integration to the parallel segment with = 5/7, we have
where P 3 ( ) is a suitable polynomial of degree 4.
For J 1 , by Hölder's inequality we have
Since by (9) and Gabriel's convexity theorem, see e.g. Ivić [9, Lemma 8.3] , we have
Here we used the trivial bound
Then by (10), we have
T 39/7+ε (20) In addition, by Lemma 2.3 we have 
Therefore, by (6) , (20) and (21), we have 
From (19), (22) and (23) This completes the proof of (5).
